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Let n: S-t P’ be an elliptic surface over the complex numbers. Let E be the 
generic fiber of S. Then E is a curve of genus 1 which we assume has a rational 
point over K= C(u). By the Mordell-Weil theorem, one knows that E(K) is finitely 
generated. In this paper the author uses the canonical height pairing to help in 
determining E(K). In particular, suppose that the rank of E(K) is r. Then the 
author is interested in determining whether r sections form a basis. As an illustra- 
tion, the author examines the equation 
A4+B4=C4+D4. Ii‘\ 1990 Academic Press, Inc 
1. INTRODUCTION 
The theory of elliptic surfaces over @ draws on ideas and techniques not 
only from geometry and analysis but also from arithmetic. In this paper, 
we study an arithmetic aspect of the theory. 
Let rc : S -+ P’ be an elliptic surface defined over C and let E be the fiber 
of S at the generic point of P’. E is a curve of genus 1 defined over the 
function field K= C(u) of P’. In the following we assume E has a 
K-rational point o = O(U), and regard E as an elliptic curve over K. We also 
assume the j-invariant of E is non-constant. One of the reasons the theory 
of elliptic surfaces has an arithmetic nature is that K is not an algebraically 
closed field. By the Mordell-Weil theorem, the group E(K) of K-rational 
points is a finitely generated abelian group. 
In this paper, we consider the following question: Suppose the rank r of 
E(K) is known and we have r sections s,, . . . . s,; do they form a basis? An 
earlier attempt by Hoyt and Schwartz to answer this question involved a 
direct use of the Eichler pairing, and a sufficient condition is obtained by 
looking at the discriminant of this pairing. However, the calculation of this 
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discriminant is rather messy and has been done only in the simplest cases. 
Cox and Zucker [C-Z] used a pairing closely related to the intersection 
pairing and applied their method to obtain an algorithm when the 
geometric genus p,(S) is 0. In that case, the Net-on-Severi group NS(S) is 
isomorphic to H2(S, Z), and the discriminant of the intersection pairing is 
1 by Poincare duality. Cox and Zucker used this fact and calculated the 
discriminant of their pairing. When pg is greater than 0, we do not know 
much about the N&on-Severi group. Shioda[Sh] showed that determining 
the Neron-Severi group NS(S) and determining the Mordell-Weil group 
E(K) are more or less equivalent. Thus, it is not reasonable to expect that 
we can use information about NS(S) to determine E(X). In this paper, we 
use yet another pairing, called the canonical height pairing, to help in 
determining E(K). It is defined by 
(P, Q> = +C&'+ Q, - &'I - A(Q)I, 
where fi is the canonical height function. h measures the size of a point 
arithmetically. It is also closely related to the intersection numbers as is 
noted in [C-Z]. One advantage of using this pairing is that we can 
calculate it easily using the algorithm of Silverman [Si12]. Furthermore, we 
can obtain a good lower bound of the minimum non-zero value of the 
height function from the calculation. This lower bound is often very useful 
in determining whether or not a set of points forms a basis. 
In Section 2, we will illustrate our method by calculating an example 
which comes from a number theory question. There, we consider the 
diophantine equation 
A4+B4=C4+D4. 
Euler [E] studied this equation and found two parametric solutions. 
Hardy and Wright [H-W] have a quick derivation of the simpler of the 
two. Many people tried to obtain more parametric solutions, including 
Gerardin [G], Dyer [D], Mordell [M], and Lander [Ld]. According to 
Euler, we make the ‘substitution 
X=A-C, Y=A+C, Z=D-B, W=D+B 
to reduce the equation to 
s: XY(X2+ Y2)=ZW(Z2+ W’). 
This determines a non-singular quartic surface in P3; thus it is a K3-surface 
and p,(S) = 1. Define a map rr : S -+ P’ by u = Z/X; then S has the struc- 
ture of an elliptic surface. The generic fiber is 
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Substitution 
x=u(w-u5y) u(u” - 1)X 
Y-u3w ’ y= y-u3w 
converts the above equation into Weierstrass form 
E: y2=.~3-3u4.~-u2(u8+ 1). 
The line X + W = Y + Z = 0 on the surface S gives a section on E: 
P(x, y) = (u4 + u* + 1. u6 + u4 + uz + 1). 
Euler’s parametric solution corresponds to 2P in E. By calculating 3P, 4P, 
etc., we can produce more parametric solutions. Thus it is natural to ask 
how many sections this surface has. Swinnerton-Dyer [S-D] answered this 
question when the ground field is Q. Furthermore, he proved that ‘almost 
all’ solutions are obtained this way. In the same paper, he asked the same 
question when the ground field is extended to the field of complex numbers 
C and explained that this is still a number theory question because the 
function field C(U) is not algebraically closed. We answer this question in 
Section 2. 
I acknowledge the Symbolics corporation for their Symbolics 3670 
computer and powerful Macsyma. I thank my advisor Joseph Silverman 
for his valuable suggestions and untiring encouragement. Also my thanks 
go to David Cox for a useful conservation. 
2. THE CANONICAL HEIGHT 
The height function measures the ‘size’ or the ‘degree of complexity’ of a 
point on a variety arithmetically. In the simplest case it is defined as 
follows. 
DEFINITION 2.1. (i) Let xeC(u) and write x=p(u)/q(u), p,q~C[u], 
( p, q) = 1. Then the height of x, denoted h(x), is defined by 
h(x) = max{deg P(U), deg q(u)). 
(ii) Let E/K be an elliptic curve over a function field K= C(U), and 
let (x, y) be any Weierstrass coordinate functions on E. Then the 
(logarithmic) height of a point P in E(K) is defined by 
h(P)=h(x(P)). 
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The function h looks more or less like a quadratic form. NCron asked 
whether one could find an actual quadratic form differing from h only by 
a bounded function. He succeeded in constructing such a quadratic form by 
constructing it locally first. At the same time, Tate came up with a simpler 
definition. 
THEOREM 2.2 (Tate). The canonical height h on E/K is the function 
Ii: E(K)HR 
defined by 
k(P) = k Jim 
+m 
$ h(2NP), 
where h is a logarithmic height function on E/K. 
It is not hard to show this limit exists and has the following properties. 
See, for example, [Lg, Chap. 51. 
PROPOSITION 2.3 (N&on-Tate). Let E/K be a non-constant elliptic curve 
and h be the canonical height function on E. Then 
(i) For all P, Q E E(K), 
h(P+ Q) + h(P- Q) = 2&P) + 2h(Q). 
(ii) For all P E E(K) and m E Z, 
h(mP) = m”h(P). 
(iii) If we define the paring ( , ) : E(K) x E(K) I+ R by 
(P,Q>=~C~(P+Q,-~(P,-I;(Q,l, 
then ( , ) is bilinear. 
(iv) Let PEE(K). Then h(P) > 0, and A(P) = 0 if and only if P is a 
torsion point. 
Though Tate’s definition is simple and useful theoretically, it is not 
practical when it comes to calculate h. Silverman [Sil2] gave a simple 
algorithm to calculate h^. It is especially simple when K is a function field 
because it does not have archimedean places. 
When K= C(U), the algorithm is as follows. Let the Weierstrass equation 
E: Y2=X3+AX+B 
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be minimal; i.e., the discriminant A does not contain a 12th power. Let 
P=(x,y)beapointonE(K)andp~Cu(oo).Weset 
P, = ord,( Y 1, 
yp = ord,(3x4 + 6A.x’ + 12B.x - A2). 
6, = ord,( d ). 
Then we can calculate h^ as follows: 
Step 1. Suppose p is not co. 
(i) If the fiber at p is non-singular, set 
I,, = max(0, --i ord,(x)}. 
In other words if the denominator of x vanishes at u = p, let A, be half of 
the order of the denominator of x at p. Otherwise, set AP = 0. 
(ii) If ord,(A) = 0 and 6, = N, i.e., E has a singular fiber of type I,,, 
at u=p, then set 
n = min{flp, fN}, 
A = -MN-n) 
P 2N ’ 
(iii) If ord,(A) # 0 and yP Z 3fl,, i.e., E has a singular fiber of type IV 
or IV* at u = p, then set 
A,= -$,. 
(iv) If p does not belong to any of the above, then set 
/$= -$y,. 
Step 2. When p = co, let v = l/u and calculate the minimal Weierstrass 
form of E(C(v)). Then recalculate fiP, etc., and go to Step 1 to calculate A,, 
for p = 0. 
Step 3. The contribution from each point PE C u {co 1 to fi is 
A, + AC?,. Adding all these, we have 
From this calculation, we have the following lemma immediately: 
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LEMMA 2.4. Let P, Q E E(K). Let v be the least common multiple of all 
the denominators of the A,‘s. Then 
2v(P, Q) EH. 
Let r be the rank of E(K) and let P,, . . . . P, be independent point in E(K). 
Suppose there exists an element Q E E(K) which does not belong to the 
lattice spanned by P,, . . . . P, in E(K) @ R. Then there exist integers m and 
ni, i= 1, . . . . r, such that 
mQ= c niPi. 
i= 1 
By adding suitable elements of the lattice if necessary, we may assume Q 
is inside of the parallelepiped (pl P, + . . . + p* P, 1 -i < pi < 1, i = 1, . . . . r}. 
Then we have Inil <m/2. Note that if plm, there exist Q’ such that 
pQ’ = xi n,fP,, where ni’s are integers satisfying Inil <p/2. In the following, 
we fix a prime number p, and suppose that Q satisfies 
PQ = 1 nipi, In;] Gp- 
I 2’ 
We set @=2v((P,, Pj))lGiGr,,CjG.r, and n= ‘(n,, . . . . n,.). From the above 
lemma, we know that each component of @ is an integer. 
LEMMA 2.5. (i) On z 0 (mod p). In particular p divides det 0. 
(ii) p2 divides ‘n&h. 
Proof: (i) By Lemma 2.4, 2v( Pi, Q) E Z for all i. But 
2PV(f’i, Q > =2V<Pi, PQ > 
= C nj2v(Pi, Pi> 
= ith row of On for all i. 
Hence On s 0 (mod p). 
(ii) This is clear from the fact that ‘n@n = 2vp*( Q, Q) E B. a 
This lemma gives a rather severe restriction to p and n. We have only 
finitely many possibilities for p and n. In many cases the number of 
possibilities is very small. If we have a method to test whether a point in 
E(K) is divisible by p, we can decide whether PI, . . . . P, form a basis. In 
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many cases, p is either 2 or 3, and it is possible to determine whether a 
point is divisible by 2 or 3. However, the calculation is rather complicated 
even with symbolic calculation software on a powerful computer. We 
would like to avoid this calculation as much as possible. 
If Q E E(K) is divisible by p, then A(( l/p)(I) = (l/p*) h(Q). Therefore, 
h^(( l/p)Q) has to be small. By Lemma 2.4, the smallest non-zero value of 
h(Q) is l/v. Sometimes this lower bound denies the existence of (l/p)Q, and 
we can avoid a messy calculation. 
In the next section, we see that the lower bound of the height can be 
improved in a particular exampie and use it to effectively determine a basis. 
3. EQUAL SUMS OF FOURTH POWERS 
In this section we calculate the Mordell-Weill group for the curve 
which is the generic fiber of the elliptic surface A4 + B4 = C4 + D4. The 
discriminant of this curve is 
A = -2433U4(U8 - 1)’ 
From this we see E has type I, singularities at u E pg and type IV 
singularities at u = 0 and cc (see for example Silverman [Sill, p. 3591). A 
singularity of type I2 has 2 irreducible components and one of type IV has 
3. From Shioda [Sh] we have 
rank NS(S) = rank E+ 2 + c I + 1 2. 
UEP’8 u = 0. SC, 
Since the rank of the N&on-Severi group of a K3-surface is no greater 
than 20 (see for example [B-P-V]), we have 
rank E(@(u)) < 6. 
It is easy to see that there are 48 lines on S. Although many of these lines 
become singular fibers by the change of variables, we still have many lines 
which may supply sections. In fact, by using Macsyma, we find six sections 
which are very likely to be independent, 
s,=(-~((i-1)u~-u-(i+1)),iz4(~+1)(u+i)(~~+i)), 
s2=(~u(-(i+1)u2+13u-((i+1)),iu(u-~)(u-~)(u+i)(u+~3)), 
s3=(~~(-(i-l)~2+~3~-(i-1)), -iu(u-1)(u+l)(u+[)(u+[3)), 
07 $9 s, , s;, 
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where i=fl, [=(l+i)/$, d an 0, r, and y are the automorphisms of 
&C(u)) defined by [H c3, c H -c, and u H -u, respectively. 
The main result of this section is the following. 
THEOREM 3.1. The Mordell-Weil group E(@(u)) is isomorphic to z6. It 
is generated by the six sections sl, sy, syy, s2, s;, and s,. 
Proof: Let us denote P, =si, Pz=sy, P3 =syy, P4=s2, P, =s;, and 
P6 = s3. First we calculate the matrix of the bilinear form ( , ) with respect 
to Pi, i= 1, . . . . 6. The main task is to calculate the height h(Pi+ Pi). This 
can be done by the computer thanks to the simple algorithm in the 
previous section. A program on Macsyma gave an answer within a minute: 
and 
! I -i5 -; i 1 _ -12 5 0 3 1 -; ‘* I 3 _L -ii -i 1 3 0-i2 -2 1 3 -h is 1 31 
This immediately proves that Pi, i= 1, . . . . 6, are linearly independent. Next 
we show that E(@(u)) is torsion free. Since we know rank E(@(u)) = 6, it 
follows from Cox [C] that E can only have either 2- or 3-torsion elements. 
However, since x3 - 3u4x - u*(u” + 1) is irreducible in @(u)[x], E(@(u)) 
does not have 2-torsion. By implicit differentiation we have 
d2y 9(3x4 - 18u4x2 - 12u2(u8 + 1)x - 9u8) -= - 
dx* 4Y2 
It is not hard to show that the numerator is irreducible in C(u)[x]. Thus 
E(@(u)) does not have 3-torsion, either. 
Now we prove that P,, . . . . P, generate E(@(u)). Suppose there exist an 
element Q E ,5(@(u)) and a prime number p such that 
PQ = 2 niPi Inil 
i=l 2’ 
Q is inside of the parallelepiped (pIPI+ ... +pLgP61 --i<pj<i, 1, . ...6}. 
This is contained in the parallepiped whose vertices are f P, , . . . . f P,. We 
need a lemma from calculus. 
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LEMMA 3.2. Let q be a positive definite quadratic form on a vector space 
V, and let A be an i-dimensional polyhedron. Then q attains ifs maximum 
value at one of the vertices of A. Furthermore, lf x E A, but x is not a vertex 
of A, q(x) is strictly less than the maximum value. 
Proof: If i = 1, the restriction of q to A is a non-degenerate positive 
quadratic function of one variable. In this case the statement is trivial. In 
general, it follows easily from this case that q attains its maximum at the 
face of A, and in the interior of A, q is strictly less than the maximum. Now 
the assertion follows by induction on i. 1 
From this lemma and the fact that &Pi) = f for all i, we conclude that 
h(Q) < 4. (3.1) 
Now we claim this is impossible: 
Claim. L(Q)af for all QEE(@(u)), Q#O, 
If Q = (x, y) E &C(u)), the calculation of height shows that 
h(Q) = A 1 ord,(A) + (contributions from denominators) 
P 
- f (the number of p E pg such that ord,( y ) > 0) 
-i (ordo + ord,(y)). 
First of all we know that & 2, ord,(A) = 2. Secondly, if ord,(x) ~0 at 
p 4 2, the locus of singular fibers, then from the equation we have 
3 ord,(x) = 2 ord,( y). 
In particular - 4 ord,(x) is a positive integer. This implies that if Q has a 
denominator, it increases R(Q) by at least 1. This is also true even if p is in 
C. Finally, ord,( y) is always no greater than 1. Suppose otherwise, then u4 
divides y2. It follows from the equation that 
x3-3u4x-u2(u*+1)~o (mod u4), 
or 
x3-u2zo (mod u4). 
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This is clearly impossible. Hence, ord,( y) < 1. Similarly, we have ord,,( y) 
,< 1. From all these, if Q has a denominator, we get 
This contradicts (3.1). Thus Q does not have a denominator. 
Let y =f(u) be a polynomial. We want to know what ‘the denominator 
at infinity’ means. 
LEMMA 3.3. ord,(y)>O ifandonly ifdegfG6. 
Proof If we set v = l/u, the equation becomes 
1 1 1 
J&*3-37-- --+I 
V ( ) v= v8 . 
If we set 
x’ = v4x, y’ = v6y, 
the equation becomes identical to the original one: 
y’2 = x’3 - 3v4x’ - v2(v8 + 1). 
It follows from this that 
The assertion of the lemma follows immediately from this. 1 
This implies that if Q does not have a denominator, the degree of y is 
less than 6, and therefore ord,( y) is positive at only 6 points. Thus L(Q) 
is greater than the minimal possible combination: 
Hence, &Q) < f is impossible. This completes the proof of Theorem 3.1. 1 
Remarks. The last claim again proves that E(@(u)) is torsion-free 
because the height of a torsion element must be 0. Thus, the earlier argu- 
ment may be omitted. 
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